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Introduction

ECENT efforts in spacecraft control have focused on using

nonlinear feedback linearization to develop analytic control
laws that perform both spacecraft attitude control and momentum
management.' > A new nonlinear control law expressedin terms of
the spacecraft attitude, angular rates, and total stored control mo-
ment gyroscope momentum’ is the focus of this Note. The design
process makes no small angle, small rates, or negligible cross prod-
uctofinertiaapproximations.Through developmentof the nonlinear
control law, a nonlinear transformation that takes the spacecraftdy-
namic system to a companion form was introduced. The nonlinear
transformation is not global and is known to generate singularities
in the control law. An expression that defines all of the singulari-
ties in the control law has been reported® and is given in terms of
the spacecraft inertia matrix and the attitude of the spacecraft. In
this Note, the behavior of the singularity expression is investigated.
A more thorough analysis of the singularities has been presented $
Simulation results show the behavior of the nonlinear control law
as the singularities are neared.

Control Law Singularities

Animportantstepin feedbacklinearizationinvolvestransforming
the nonlinear system into a normal form. The nonlinear transforma-
tionis nota global transformationandis valid only in aregionaround
a particular equilibrium point. In general, the associated nonlinear
control law has the form

u=Ax)"[-bx) +v] ¢))

where A (x) and b(x) dependon the system dynamicsand v is chosen
to obtain the desired linear behaviorof the transformed coordinates.
The regions where the nonlinear control law is valid are represented
by all of the points where the matrix A (x) is nonsingular. For our
nonlinear control law,”> we have A(x) = —373S*(I%)~!, and its
inverseis given by

A7 @) = —(1/3)05 (85) )
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Theterms I é, _aretheinertiaelements writtenin the spacecraftlocal-
vertical, local-horizontal frame, and 7 is the orbital rate. There-
fore, the invertibility of A(x) is dependent on the invertibility of
SIL, For SIL to be invertible, A must be nonzero, where A is the
determinant of § IL and can be written

A=(1f —1p) (1, - 15) (I, — 1) ACT™) @)

where A is

AT = VR AT TE TS 4 TS T T 4 2T T ST
(5)

and T,P* is the i jth element of 7%, the transformation matrix from

the local-vertical,local-horizontalframe to the principal axis frame.

The elements of I¥ are the principal inertias.

For A to be nonzero, the following conditionsmust be true: IB’; #*
Ié’z, Ié’z #* Ilf2 , Ilf2 #* IP1 ,and A # 0. The first three conditions
are physical attributes of the spacecraftbeing analyzed and, as such,
limit which spacecraftare candidatesfor use of the nonlinearcontrol

law. The condition that A be nonzero imposes constraints on the
attitude orientations that the spacecraftcan achieve.

Attitude Constraints

Because the control law requires that A # 0, an understandingof
when and where the equality can occur is important. The singulari-
ties in a 2-3-1 principal Euler angle rotation sequence are examined
here. The behavior of A is examined near the points where we ex-
pect the spacecraft to operate. The attitudes are known as torque
equilibrium attitudes (TEA). For a 2-3-1 rotation, it follows from
Eq. (5) that

A(8") = sin26; sin26; sin 03 (+ — 2 cos 26;)

+ 08 20; cos 205 cos26; 6)

where 8 denotes the Euler angles of the principal axesrelative to the
local-vertical, local-horizontal frame. The possible TEA principal
Euler angle orientations are given by

0" = (mn/2 nn/2 pmu/2)T 7

where m, n, and p can take any integer values.

Collecting the sets of Euler angles thatresultin A = 0 generates
a family of spacecraft orientations that cause the control law to
become singular. This family of orientations leads to a surface of
singularpointsin the 6}, 6, 65 space. Fora 2-3-1rotationsequence,
the singularsurfacearound 8 = (0, 0, 0) foraspacecraftwith I} #
Iy, Iy, # Iy .and Iy # Ig isshownin Fig. 1. The two surfaces
shown form boundaries separating the region around the TEA at
6" =(0,0,0) from regions around other TEA. If a spacecraft is
initially oriented so that the Euler angles are in the region around
the TEA at 8* = (0, 0, 0), then the orientations that the spacecraft
passes through to reach the TEA must remain in that region to avoid
crossing the singular surface. Around some of the other TEA, the
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Fig.3 Family of A plots.

shapes of the singular surfaces are different. Figures 1b, 2, and 3
show the family of plots as 65 varies from —60 to 60 deg. This family
of plots shows that the values of A are symmetric about the 6} = 6
and —6, planes in space. The values of A range between —1 and
1. Considering the TEA in Eq. (7), we have that A (6}, 65, 6;) =
(—=1)™+"+P Therefore,at any TEA, the value of A will be either —1
or 1, whichimplies thatthe TEA are not singular points of the control
law. In fact, the TEA are extrema of the function A (67, 67, 67). To
determine the classification of the extrema, the matrix of second

partials is examined. Evaluating the matrix of partial derivatives at
the TEA leads to

A 1 00
Py =—4=-D"*"[0 1 0 ®)
TEA 0 0 1
if p is even and
A 1 (=1)=Db2 ¢
597 =4(—1)"*"| (=1)r-b/2 1 0 9
TEA 0 0 1

if pisodd. Therefore,if p is even, the three eigenvaluesof the second
partial derivative matrix are —4(—1)"*", and the TEA extrema are
either maxima or minima depending on whether m + n is even or
odd. If p is odd, then the eigenvalues are 8(—1)"*", 4(—1)"*+",
and 0, and the extrema are inflection points.

From the preceding analysis, it appears that all of the TEA are
located as far as they can be from the singular surface. Therefore,
operationof the nonlinear controllaw around the TEA should avoid
all of the singular points. However, initial orientationsnear the TEA
do not guarantee that the state trajectories will not cross the singular
surface. If, for instance, an initial angular rate is large, it is possible
that the controller will be unable to slow the spacecraft angular
rate before a singular attitude orientation is reached. The ability of
the nonlinear controller to drive the spacecraftto a TEA and avoid
the singular surface is heavily dependent on the initial conditions
of the system. Based on the known behavior of A near its roots, it
may be possible to generate a reference input signal that can drive
the system without crossing the singular surface.

Results

A simulation that highlights the nonlinearities of the problem
is shown in this section. In this case, the spacecraft considered
is the International Space Station Alpha after Flight 40-12R, with
principal inertias [§1 = 7.0626 x 107, Ié’z = 5.5393 x 107, and
Ié’2 = 1.1521 x 108. The initial conditions are 8 = (30, —30, —30)
deg, wd = (0, —n,0), and hE, = (0, 0,0). The attitude control
and momentum management will drive the system to the TEA
6" =(0,0,0).

The values of A indicatehow close the controllaw is to becoming
singular during the course of the simulation. Figure 4 shows how
A evolves during the simulation and indicates that the system never
crosses the singularsurface. Figure 4a shows that A starts very close
to zero and stabilizesat a value of 1. The value of A duringthe initial
system response is shown in Fig. 4b. Between 0.04 and 0.05 orbit,
the value of A is closest to zero. This is also where the behavior of
the control exhibits very nonlinear behavior.
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Fig.4 Value of singular function A.
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Conclusions

An explicit function associated with the invertibility of the non-
linear attitude controller with momentum management has been
obtained. The function is given in terms of the mass properties of
the spacecraftand the attitude of principal body axes relative to the
local-vertical,local-horizontalframe. The TEA were shown to occur
at orientations that are as far as can be from the singularity surface.
In fact, the TEA occur at local minima and maxima of the singular-
ity function. Knowledge of the singularity function may provide the
basis for development of an explicit method to avoid singularities
in the feedback linearized control law.
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Introduction

HE design of flight control laws, the verification of perfor-

mance predictions, and the implementation of flight simula-
tions are all tasks thatrequire a mathematicalmodel for the dynamics
of an aircraft. This dynamic model is typically characterized by co-
efficients or parameters whose numerical values must be determined
for various flight conditions of interest. Among the most important
of these are the parameters in the mathematical models for the aero-
dynamic forces and moments, often referred to as the aerodynamic
coefficients.! Numerical values for these parameters are often first
derived from wind-tunneltestdata. However, the wind-tunnelcondi-
tions typically do not replicate the actual flight environment. It is
desirable then to derive estimates for the aerodynamic coefficients
directly from flight test data.

Presented as Paper 95-3500 at the AIAA Atmospheric Flight Mechanics
Conference, Baltimore, MD, Aug. 7-10, 1995; received March 25, 1996;re-
vision received May 20, 1997; accepted for publication June 5, 1997. Copy-
right © 1997 by the American Institute of Aeronautics and Astronautics,
Inc. All rights reserved.

*Graduate Research Assistant, Department of Aerospace Engineering and
Engineering Mechanics, ML70. Senior Member AIAA.

T Associate Professor, Department of Aerospace Engineering and Engi-
neering Mechanics, ML70. Associate Fellow ATAA.

A number of parameter estimation methods, such as maximum
likelihood (ML) and linear regression,’ have been applied to de-
rive aerodynamic coefficients from aircraft flight test data. Filter-
based methods, such as the extended Kalman filter* (EKF), have
also been used with varying degrees of success (see bibliography
in Ref. 5). One advantage of the EKF approach relative to most
other approaches (including most ML formulations and essentially
all least squares methods) is thatit places no linearity restrictionson
the form in which either the states or the parameters appear in the
dynamic equations describing the system. It also does not require
the parameters to be time invariant, nor does it require stability of
the system. Finally, the EKF produces estimates of the parameters
thatapproximately minimize the mean square error in the parameter
estimates themselves, as opposed to minimizing a cost function that
is based on matching the output variable behavior given a specific
inputtrajectory, which is what most ML and least squares techniques
are designed to do.

The EKF approach, however, requires the designer to select the
statistical properties of the process and measurement noises and a
model for the parameter dynamics. Some of this informationis typ-
ically unknown to the user, and this introduces a degree of freedom
in the EKF design that can be difficult to resolve. Furthermore, the
EKF produces time histories for each of the estimated parameters,
which is very useful if the time-varying nature of the parameters
is of interest. However, in most aircraft parameter estimation situ-
ations, a single numerical value for each parameter is desired, and
these must be derived from the EKF time histories.

This Note presents results from the application of the EKF to the
estimation of aerodynamic coefficients for both NASA’s X-31 drop
model and the high-angle-of-attackresearch vehicle (HARV) from
flight test data, which is part of an ongoing effort to develop sys-
tematic procedures for the design of EKFs for parameter estimation.
The assumption of a fictitious noise process, or pseudonoise, driv-
ing the parameter model is shown to improve the EKF parameter
estimates for the HARV. In addition, a residual correlation method®
(RCM), originally derived for the linear Kalman filter,* was used to
determine the appropriate process noise intensity and measurement
noise covariance matrices for this case.

The Note is organizedas follows. The next two sectionsintroduce
the aircraft dynamic equations and the EKF parameter estimator.
Then, the parameter estimation results for the X-31 drop model and
the HARYV are presented and discussed. Conclusions follow.

Aircraft Dynamic Equations

The equations of motion for a rigid aircraft can be expressed in
the general state-space form!

x(t) =flx@®), u@), ¢, 1]+ w(t) o))

where the state vector x usually consists of the linear velocity com-
ponents along the body axes u, v, and w; the angular velocity com-
ponents about the body axes p, g, and r; and two Euler angles
(usually pitch and roll, ¢ and 6) that describe the orientation of
the body axes with respect to a fixed frame of reference. See, for
instance, Ref. 1 for a detailed version of Eq. (1). Note that among
the terms in Eq. (1) are the acrodynamic forces along the body axes
X,Y, and Z and the aerodynamic moments about the body axes
L, M, and N, which depend on the aerodynamic coefficients of in-
terest. The vector ¢ contains these parameters. The control input
u generally includes the control surface deflections and possibly
some thrust-related variables. The vector noise process w, which
is assumed white with intensity Q(¢), represents unknown random
perturbation inputs driving the plant (process noise), e.g., perturba-
tion forces and moments arising from atmospheric turbulence.

The outputequationrepresentingthe availablediscrete-timemea-
surements is

z(k) = hlx (@), u(t), &, 4] +v(k) 2)

where the output vector z typically includes some subset of the
following quantities: the total airspeed V [=./(u*+ v*+ w?)],
the angle of attack «[=tan"!(w/u)], the angle of sideslip
B[=sin"'(v/V)], the angular velocity components, the Euler



